We describe the method of estimation of the largest Lyapunov exponent of nonsmooth dynamical systems using the properties of chaos synchronization. The method is based on the coupling of two identical dynamical systems and is tested on two examples of Duffing oscillator: (i) with added dry friction, (ii) with impacts.
INTRODUCTION
The estimation of Lyapunov exponents is one of the fundamental tasks in the studies of dynamical systems. Lyapunov exponents measure the exponential rates ofdivergence or convergence of nearby trajectories in state space. Theoretical studies of Oseledec [1] and numerical algorithm of Benettin et al. [2] and Wolf et al. [3] allow an easy estimation of the spectrum of Lyapunov exponents for smooth systems described by the known motion equation. If such equations for the system are not known or it is nonsmooth, the estimation of Lyapunov exponents is not straightforward. In recent years methods of the calculation of Lyapunov exponents for dynamical systems with discontinuities have been proposed in some papers [3, 4] .
Many real engineering systems can be considered as discontinuous, i.e. the mechanical systems with dry friction or with impacts. The dry friction in any engineering systems often leads to the appearance of the phenomenon of stick-slip oscillations which also have a discontinuous nature.
In this paper we propose a method of estimation of the largest Lyapunov exponent using chaos synchronization [5, 6] . Our method is motivated by Fujisaka and Yamada's theoretical studies [5] . They have found the linear dependence between the synchronization value ofthe coupling coefficient oftwo identical continuous dynamical systems and the largest value of Lyapunov exponent of such coupled systems. As an example they have used the Lorenz system. We have shown that this approach can be applied for nonsmooth dynamical systems as well. 
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where z R. In further analysis to simplify the notation and allow for the visualization we took n 3 and assumed that the evolution on the attr- x-y (4) e-2.
The image of the vector equation (Eq. (5)) in phase space is shown in Fig. 1 . The state difference vector is fixed to the end of vector 07 and its end is in touch with the end of vector (see Fig. 1 ). The time evolution of the state difference vector 5' is defined in z; system of coordinates and can be determined as a sum of its 5'; contributions in all directions of phase space (see Fig. 2 ):
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The origin of this system is fixed to the origin of vector 2'. where A; is a Lyapunov exponent, 6 is the norm of the contribution 6i of A-distance vector 6 in direction associated with /-number of Lyapunov exponent and 6;0 is an initial distance in the same direction. The total A-distance vector is a sum of contributions (see Fig. 2 
The norm of this vector is given by the relation e lll 
To make further considerations easier we have introduced the following notations:
(1) /max maximum Lyapunov exponent, (2) 6o initial distance in kma-direction, x>_y: 
Now the condition of synchronization (Eq. (22)) is given by the relation ,max < k.
The smallest value of the coupling coefficient k, for which the synchronization takes place ks is equal to the maximum Lyapunov exponent Amax.
To apply our method for any dynamical system it is necessary to build a double system with coupling according to Eq. (23). The To make faster achievement of searched ks value possible we have divided the phase space of the researched system into two regions. The first one is a direct neighbourhood of the synchronization subspace x-y. This region is bounded by a coefficient which is a radius of n-dimensional sphere with a centre in the fixed point Zs-0 (Fig. 4(a) ) or it can be considered as a radius of n-dimensional "corridor" surrounding the synchronization manifold (Fig. 4(b) ). The second region is the remaining part of phase space. The way to achieve faster synchronization is to eliminate the long periods of time when phase trajectories evolute far away from synchronized state. For this purpose we have applied the method called elastic coupling which forces coupled systems to the evolution in the neighbourhood of x-y manifold. The main idea of this method is the sudden jump of a coupling coefficient when state difference crosses the boundary e value. Inside the sphere z <_ e (Fig. 4(a) ) the coupling parameter in Eq. (23) has tested k value. Beyond the synchronization region (z > e) Eq. (23) assumes the following form:
where K is the strong coupling parameter (K >> k) which does not allow the system evolving beyond e-radius sphere. The proper values of c and K can be elaborated in a way of individual studies of the given dynamical system.
EXAMPLES
In this section we present two types of dynamical systems with discontinuities. As an example of such system we have used the classical Duffing oscillator: (i) with added dry friction, (ii) with impacts.
Duffing Oscillator with Dry Friction
The equation describing the first example is as follows"
The system (Eq. (26)) has been created by adding to the well known Duffing equation a term describing dry friction according to Popp-Stelter formula [7] . Its discontinuous nature makes any direct calculation of Lyapunov exponents difficult. impacts. The equations describing such a system can be written in forms:
-p co ( t) + Ixl 2 Xo: X2a =--Rx2b, (28) for two opposite buffers, and exponent takes positive value (Fig. 5 ). Also periodic motion occurs when zero value of Lyapunov exponent is found in Fig. 5 . These results support our hypothesis that the values of the largest Lyapunov exponents obtained as above for systems with dry friction can agree with real ones (impossible to determine analytically) with high approximation.
Duffing Oscillator with Impacts
As the second example of discontinuous system we present again Duffing oscillator but now with for single buffer.
In the above equations X0 is a position of the buffer, R is the coefficient of restitution, x2v is the velocity in a moment before impact and x2 is the velocity just after impact.
Impact motion has a bit more complicated discontinuous nature than the motion of the system in the previous example. In phase space of the system with impacts the simultaneous existence of different types of attractors is possible. For that reason to determine the largest Lyapunov exponents of the systems (Eqs. (28) and (29) 
CONCLUSIONS
The present method allows us to estimate the value of the largest Lyapunov exponent of nonsmooth systems based on the properties of chaos synchronization. The developed method will be useful in quantifying, predicting and understanding chaos in nonsmooth discontinuous systems for which the straightforward calculation of the Lyapunov exponents is not possible. The approach presented in this paper can be generalized to the higher dimensional (n > 3) systems. This method can be applied for both numerical and experimental estimation of the largest Lyapunov exponent. In the first case one has to know the equation of motion. In the experimental case two examples of the system have to be created and coupled together.
